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Abstract Ioniwtion energies of a shallow donor in a quanium well (QW), quanium well wire 
(QID) and quantum box (w) of the GaAs/Ga~_,AIzAs superlaitice system in smng magnetic 
fields are obtained. The contributions from lhe electron-lattice coupling are also systematically 
investigated in all these systems. It is found that the ionization energy (Eion) (i) decreases with an 
increase in well width in QW. Q I D  and QQD systems: (ii) increases with magnetic held for a given 
well width in all these systems, and (iii) increases as the spatial dimension is reduced for a given 
well width and magnetic held. The polaronic effect on Etm. that is, AEc-~(B)/Eion(cx = 0, 6 )  
decreases when the magnetic field is increased in all three systems. showing a softening of the 
elecmmn-laitice coupling. This decrease is more pronounced in 020 than in QtD or QOD. The 
~ O I Z O N C  shiR is also seen to be more important for systems with a smaller well width The 
results are discussed in the light of the existing l i t e "  on these systems wherever available. 

1. Introdnction 

The subject of semiconductors in intense magnetic fields has been a topic of great interest 
for a long time (Landwehr 1983). Recently there has been considerable interest both in the 
fabrication and in the physics of low-dimensional semiconductor systems (LDSSS) (Haug and 
Koch 1990, Ando eta1 1982, Bastard era1 1991). Literature is rich with efforts on the study 
of impurity ionization energies in static electric fields (Bastard and Brum 1986, Sukumar and 
Navaneethwhnan 1990a. El-said and Tom& 1990, 1992, Santiago er al 1992). in intense 
magnetic fields (Green and Bajaj 1985, Sukumar and Navaneethakrishnan 1990b), in crossed 
elechc and magnetic fields (El-Said and Tomak 1990, Ilaiwi and Tom& 1990) and under 
hydrostatic pressures (Venkateswaran el al 1985, 1986, Sukumar and Navaneethakrishnan 
1990b). Polaronic effects in a quantum well (QZD) have been investigated by Mason and 
Das Sarma (1986), Ercelebi and Tom& (1985), Ercelebi and Saqqa (1988) and Elangovan 
and Navaneethakrishnan (1992a). Polaronic effects in a quantum well wire (QID) have been 
investigated by Degani and Hipolito (1988). In these investigations it is shown that the 
electron-longitudinal optical (LO) phonon interaction is appreciable in the computation of 
donor ionization energies. The polaronic effect in a quantum dot (WD) has not yet drawn 
much attention (Degani and Farias 1990). 

In the present work we investigate systematically the polaronic effect on the donor 
ionization energy in the GaAs well of GaAs/Ga~-,Al,As superlattice system in the presence 
of strong magnetic fields. The theory is outlined in the next section while the results and 
discussion are presented in the final section. 

t Pertnaiteni address: Department of Physics, The American College. Madwai-525 002, India. 
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2. Theory 

The Hamiltonian of a system consisting of a donor electron situated within the confining 
geomeby of a Q20 or QID or QOD system interacting with the LO phonons and an externally 
applied field is given by 
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where we have assumed that the donor is kept at the middle of the well (taken at the origin) 
and have ignored spin effects. KO is the permittivity of free space, while w, is the LO 
phonon frequency, and B and L are the magnetic induction and the angular momentum 
respectively. A = (B x r ) / 2  is the vector potential. We take, in the spirit of the Frohlich 
Hamiltonian, Aw, as a constant @w) omitting dispersion of the Lo phonons. In (1) 

Heph = Q4(a, + a$)eiq" 
4 

where 

Qq = (4nor /~) l /~(  I/q)hq(P1/2m*m~)~/~ 

or = (e2/4xKoE)(l/c~ - 1/c,)(m"/2hwo)1/2. 

In (1) and (2) a4 and a: are the phonon annihilation and creation operators respectively; 
m* is the band mass; eo and E ,  are the static and high-frequency dielectric constants. or is 
the Frohlich coupling constant. Lattice deformation about the donor ion is taken care of by 
using 

where dq = Qs(&le*q4'l&). The wave function i s  chosen to be @ = @eUIO) (Ercelebi 
and Tom& 1985, Elangovan and Navaneethakrishnan 1992a). 

2.1. Quantum well 

for IZI < L/2, 1x1 < 00 and IyI < 00 L otherwise. 
V ( x ,  Y ,  2) = 

We apply the magnetic field along the Z-axis. We take 

= NI exp[-(x2 + y2) /8az ]  exp(-z2/8b2) cos(nz/L) 

to be a trial wave function with a and b as the variational parameters. NI is the normalization 
constant which is evaluated to be Nr = [8na212]-1/z. The ground-state energy is given by 

(H) = RI + R z +  R 3 +  R4+  Rs 
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where 

The ionization energy is obtained from Ei,. = E ,  +EL- (H)dn, where El = hZnz/2m*L2. 
The ground-state Landau level is given by Er = hoJ2  with the cyclotron frequency 
o, = eB/m* .  

The I.  are integrals as given in section 2.3 below. 

2.2. Quantum well wire 

The Hamiltonian of the system in the presence of an external magnetic field including the 
electron-lattice coupling is the same as that given by (1) with 

for 1x1 < t / 2 ,  IyI < L / 2  and IzI i 00 1: otherwise. 
V(*,  Y. z)  = 

We consider a wire of square cross section. The magnetic field is applied to the xy-plane, 
i.e. along the [ 1 101 axis. The trial wavefunction is chosen as 

= Nzexp[-(x2 + y2)/8b2] exp(-Z2/8a2) cos(xx/L) cos(ny/L) 

where a and b are the variational parameters. The normalization constant N Z  i s  given by 
N2 = ( S f i ~ l ~ ) - ' / ~ .  

The ground-state energy is (H) = SI + S2 + S3 + S4 + S, where 

e s, = (%B . L) = 0 

and 

The ionization energy follows from Elon = E2 -I- EL - (H)min, where E2 = hZnZ/m*L2 .  
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2.3. Quantum box 

The Hamiltonian of the system is again given by (1) with 
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for 1x1 c L/2, IyI c L/2 and IzI c L/2 
03 otherwise. 

V ( x , y , z ) =  

We consider the case of a cubic box. The magnetic field is applied along the Z-axis. The 
trial wavefunction is chosen as 

= N3 exp[-(xz + yZ)/Saz] exp(-Z2/8bz) cos(nx/L) cos(rry/l) cos(rrz/L) 

where a and b are the variational parameters. The normalization constant is  given by 
N3 = ( S / ~ / Z / ~ ) - ~ ~ ~ .  

The ground-state energy is (H) = + Tz + G + T4 + Ts where 

The ionization energy follows from E,,, = E, + E L  - 
The integrals 11 to III are 

11 = exp(-xz/4az) cos'(nx/~) 

where E ,  = 3hZ~2/2m'L2. 

L P  
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1 
r 

X ~Xp(-zz/4az)cosz(nx/L) cos2(ny/L)- drdydz 

1 
r 

x exp(-zz/4bz) C O S ~ ( X X / L ) C O S * ( X ~ / L ) C O S ~ ( ~ Z / L ) -  dr dydz. 

Iz, 14, I6 and 18 are 11, 13. 15 and 17, respectively, in each of which b replaces a in the 
integrand. 

In each case, (H),,,jn was obtained variationally and the Ei,, computed numerically. 
Our results are presented in figures 1-3 and in table 1. 

01 I 
0 10 20 30 40 50 

MAGNETIC FIELD (Te510 ) WIDTH OF THE WELL ( A I  

Figure 1. Donor ionization energy versus magnetic field for 
[WO different well widths. 

Figure 2. Variation of donor ionization energy 
with well width for B = 0 and B = 50 Tesla 
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MAGNETIC FIELD (lerlo) 
Figure 3. Variation of the polaronic shifl wilh magnetic 
field in LDSSS. 

Table 1. Donor ionization energies in low-dimensional GaAs/Ga~-,AI,As quantum wells in 
a magnetic field. y is given by y = h 4 2 R '  (mc is the cyclotron frequency and R' is the 
effective Rydherg in  G&). For Q I D  and QOD Systems ihe mulls are given in figures 1 and 2; 
no experimentd work or similar calculations are available (when y # 0) for comparison. 

QW QID QOD - -  L 

(IO-'[' m) y = 0 y = 4  y = o  y = o  

18.4 21.9 49.0 9.1 
100 12.6 20.9' 26.3' 49.6' 

12.8' 23.3* 56.6b 

7.9 16.0 14.5 25.0 
200 9.S 17.8' 1 6 S  25.6' 

11.1' 16.9' 

6.3 13.2 9.2 13.1 

5.8 8.0 10.8 
500 6.9' 9.3c 

9.9* 

Elangovan and Navaneethakrishnan (1992a). 
Zhu et a1 (1990) (a spherical dot is considered in lhis work). 
Csavinsky and Oyoko (1991) (in this work a wire of cylindrjcal MSS section is considcred). 
El-Said and Tom& (1992). 
Sukumar and Navmeelhakrishnan (1990a). ' Green and Bajaj (1985). 
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3. Results and discussion 

The variation of the ionization energy with the magnetic field, when the electron lattice 
coupling is not taken into account, is given in fig& 1. we  see that the ionization energy 
increases when the magnetic field is increased for a given well width in all the three cases 
(POD, QID and QZD). Also, E!, increases when the spatial dimension of the system is [educed 
for a given field and for a given well width. 

The variation of the ionization energy with well width is given in figuie 2. It follows 
that the ionization energy decreases when the well width is increased for a given system 
(QZD or Q1D or QOD) and for a given magnetic field. 

The ionization energies for QZD, QID and QOD systems for various well widths and for 
different magnetic fields are presented in table 1. Our values agree well with existing work. 
For Q1D and POD systems, the results are not available in the literature for high magnetic 
fields. 

The change in the ionization energy due to the elemn-lattice coupling is given by 
AEe-l(B) = Eto& # 0, B )  - Eion(ol = 0,5). However, we compute the values of 
AEe-1(5)/Eion(u = 0, E )  as an estimate of the polaronic shift and present them in figure 3. 
It is observed that the polaronic shift decreases when the magnetic field is increased in all 
the three systems. This decrease is more prominent in the QZD than in the QOD system. It 
also follows that the polaronic shift does not vary appreciably for a system with a larger 
well width. In a QoD system, the variation is nearly the same irrespective of the value of the 
well width. Ercelebi and Tomak (1985) also observed that the polaronic effect decreased 
when the well width was increased for the case B = 0 in a QU, system. Our results show 
that this trend continues even for cases B # 0. 

An enhancement of the electron-lattice coupling in a strong magnetic field has been 
noticed by Peeters and Devreese (1982) for a free polaron in 3D in the longitudinal direction. 
Ercelebi and Saqqa (1988) observed an increase in the polaronic shift A&-] in a magnetic 
field in ZD. For GaAs Ercelebi and Saqqa obtain a value of 4.249 meV when 5 = 10 Tesla. 
For the same field we obtain (in the case of a QZD system) 1.593 meV for the polaronic 
shift lAEe-ll, when the well width is 100 A. Since the binding energy increases when the 
well width decreases our results (L + 0) are in qualitative agreement with the results of 
Ercelebi and Saqqa. 

It is interesting to note that the electron-lattice coupling softens in the transverse 
direction in a magnetic field both in 3D (Peeters and Devreese 1982, Balasubramanian and 
Navaneethakrishnan 1984) and in 2D (Peeters and Devreese 1983). In large magnetic fields, 
in the transverse direction, the characteristic frequency associated with the localization of 
the particle is the cyclotron frequency. The Coulomb potential is a weak perturbation in 
this limit. In such a case he,  =- huLo and hence whatever coupling existed prior to the 
application of the field softens due to the adiabatic effect. 

At present there is considerable interest in the study of polaronic effects arising due to (i) 
electron-bulk phonon coupling (3D), (ii) electron-interfacial phonon coupling (Zhong-Jun 
Shen et a1 1990, Degani and Farias 1990), (iii) electron-slab phonon coupling (arising due 
to the shift in the oscillator energies due to confinement) and (iv) electron-half-space phonon 
coupling (due to phonons in barrier regions) (Guo-quiang Hai et a1 1990). The electron- 
half-space phonon coupling does not exist in an infinite-barrier quantum well problem as 
there is no penetration of the wavefunction into the barrier region. Below we summarize 
the results of Guo-quiang Hai et a6 (1990) for the first three cases. For very thin wells 
(c 20 A) the interfacial phonons dominate over the 3D phonons in the polamnic shift. The 
contribution from interfacial phonons decreases with an increase in well width and becomes 
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insignificant when compared to the contribution from 3D phonons for fairly thick wells 
(- 500 A). The contribution from the slab phonons starts from a very small value for thin 
wells and rises to the value of the 3D phonons for thick wells. The cumulative effect of the 
interfacial phonons and confined slab phonons is significant only for thin wells. However, 
for larger well widths they add up to the 3D value. To our knowledge the effect of an external 
magnetic field on these contributions to the polaronic shift is not known. We believe that 
the same behaviour of these effects continues even in the presence of a magnetic field with 
a reduction in each of these contributions. Hence, as demonstrated by Guo-quiang Hai er 
al (1990) (in zero magnetic field, in a quantum well), the bulk phonon effects seem to be 
sufficient for reasonably thick wells (z 100 A), with large baniers in the GaAs/Gal-,AI,As 
systems. 

To summarize we have found that the polaronic effect is important in low-dimensional 
semiconductor systems and should be included in all the estimates of the donor binding 
energies in these systems. 

A Elangovan and K Navaneethokrishnan 
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